Orthogonal Basis and Motion in Finsler Geometry 

Aleks Kleyn 

o 

^ ^ ' Abstract. Finsler space is diflfcrentiable manifold for which Minkowski space 

{^JQ^ is the fiber of the tangent bundle. To understand structure of the reference 

r^ , frame in Finsler space, we need to understand the structure of orthonormal 

^^ • basis in Minkowski space. 

^^ ' In this paper, I considered the definition of orthonormal basis in Minkowski 

^Nl ^ space, the structure of metric tensor relative to orthonormal basis, procedure of 

orthogonalization. Linear transformation of Minkowski space which preserves 
the scalar product is called a motion. Linear transformation which maps the 
orthonormal basis into an infinitely close orthonormal basis is infinitesimal 
motion. An infinitesimal motion maps orthonormal basis into orthonormal 
pT^ , basis. 

^ i _ i V ' The set of infinitesimal motions generates Lie algebra, which acts single 

transitive on basis manifold of Minkowski space. Element of twin representa- 
tion is called quasimotion of Minkowski space. Quasimotion of event space is 
C^ , called Lorentz transformation. 
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^ ' 1. Preface 

^ . 

Geometry is an important tool in modern physics. In particular, research in 

physics is associated with the search for new geometric constructions. In the paper 
[2], I showed that for the measurement of spatial and temporal parameters (speed, 
time delay), the observer uses an orthonormal basis whose vectors are the gauges 
for measuring time intervals and distances in space. The set of such bases forms a 
basis manifold. The set of transformations of the basis manifold (Lorentz transfor- 
mations) generates group, which acts single transitive on the basis manifold. 

General relativity does not describe all the phenomena. The goal of string theory 
and loop gravity is to understand interaction of quantum mechanics and general 
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2 Aloks Klcyn 

relativity. New geometries appeared in frame of these theories. Ahhough these 
geometries are different from famihar geometry, the set of automorphisms of such 
geometries generates certain universal algebra A. Our goal is to find a basis of this 
representation (the definition [3]-3.2.f). 

Foundation of the invariance principle is the statement that twin representation 
of universal algebra A generates the set of geometrical objects of geometry under 
consideration.^ Geometrical object corresponds to the measured physical quantity. 
The invariance principle is one of the fundamental principles of physics; we use this 
principle at least since the days of Galileo and Newton. The invariance principle 
warrants that the measurement of physical quantity with respect to selected basis 
allows us to predict the measurement of this quantity with respect to another basis. 
If somebody conducted experiment here and now, then the invariance principle 
warrants also that we can repeat this experiment in another place and another 
time. 

It was the reason why I was alarmed by statement in paper [5], that violation 
of Lorentz invariance is possible. I have not found any explanation of this state- 
ment. I admit that the form of the Lorentz transformation may be different. I 
also admit that the transformation of the basis changes and we call it not Lorentz 
transformation, but differently. 

The structure of Finsler geometry is close to the structure of Riemannian ge- 
ometry. So I attempted to explore the structure of the orthonormal basis and the 
Lorentz transformations in Finsler geometry. At this stage, since I was interested 
only in local construction, I explored the orthonormal basis in the Minkowski space. 

However, a metric tensor depends on direction. This imposes certain restrictions 
on the construction and allows us to analyze only infinitely small Lorentz trans- 
formation. Infinitesimal Lorentz transformation generates Lie algebra; this gives 
hope to consider corresponding Lie group. At the same time, even if we find some 
deviations from the usual structure of Lorentz transformations (for instance, linear 
transformation maps orthonormal basis into orthonormal one, but it does not pre- 
serve the scalar product), this paper gives us opportunity to evaluate the nature of 
the deviation. 

2. Finsler Space 

In this section, I made definitions similar to definitions in [4]. 

Definition 2.1. A vector space V is called Minkowski space^ when, for the 
vector space V, we define a norm F such that 

(1) The norm F is not necessarily positive definite'^ 

(2) Function F{x) is homogeneous of degree 1 

(2.1) F{ax) = aF{x) a > 



I have considered necessary definitions and constructions in sections [3]-3.3, [3]-3.4. 
I considered the definition of Minkowski space according to the definition in [6] .Although 
this term calls some association with special relativity, usually it is clear from the context which 
geometry is referred. 

This requirement is due to the fact that we consider applications in general relativity. 
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(3) Let e be the basis of vector space A. Coordinates of metric tensor 

form a nonsingular matrix. 

D 

Theorem 2.2 (Euler theorem). Function f{x), homogeneous of degree k, 

(2.3) f{ax) = a'' fix) 
satisfies the differential equation 

(2.4) ^x^ = kfix) 

Proof. We differentiate the equation (2.4) with respect to a 



(2.5) 
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Equation (2.4) foUows from equations (2.7) if we assume a = 1. D 



derivatives — - — — are homogeneous functions of degree fc — 1 . 



Theorem 2.3. // f{x) is homogeneous function of degree fc, fc > 0, then partial 
der.va,.ves '-^ are he 

Proof. Consider mapping 

(2.8) Fix) ^ ^x^ 

From equations (2.4), (2.8), it fohows that 

(2.9) F{x) = kf{x) 

So, F{x) is , fc. From the equation (2.3), it fohows that 

(2.10) F{ax) = a''F{x) 
From equations (2.8), (2.10), it fohows that 

If fc > 0, then 

dfjax) ^^i^^^ dfjx) 

dx'^ dx^ 

9 fix) 
foUows from equations (2.11). Therefore, derivatives . are homogeneous 

functions of degree fc — 1 . D 
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Theorem 2.4. The norm of Minkowski space satisfies the differential equations 

(2.12) '-!?'' -"i-^ 

(2.13) f^«'-» 

(2.14) ^?^«V=F^(.) 

Proof. The equation (2.12) follows from the statement (2) of the definition 2.1 and 

dFtx) 
the theorem 2.2. According to the theorem 2.2, derivative . is homogeneous 

function of degree 0, whence equation (2.13) follows. 
Successively differentiating function F^, we get"* 

^£!M = 2F(x)^^ 

dx'- dx^ 

(0A^\ ^ dF\x) ^ dF{x)dF{x) d^Fjx) 

^ ■ ' 2dxidxi dxi dx' ^'^' dx^dx' 

From equations (2.12), (2.13), (2.15) it follows that 

^^■^^^ 2 a^^a?''' " ~^^ dx^""^ "^ ^^^^^JOx^""' " ~^^^^^^ 

From the equation (2.16) it follows that 

The equation (2.14) follows from equations (2.12), (2.17). D 

Theorem 2.5. 

(2.18) ]^g,,{vyv' ^ F^"^) 

Proof. The equation (2.18) follows from equations (2.2), (2.14). D 

Theorem 2.6. Metric tensor gtj {a) is homogenious function of degree and sat- 
isfies the equation 

(2.19) %g^a^ = 

Proof. From the statement (2) of the definition 2.1, it follows that the mapping 
F^{v) is homogeneous of degree 2. From the theorem 2.3, it foUws that function 

dF^jx) 

dx^ 

is homogeneous of degree 1. From the theorem 2.3 and the definition (2.2), it follows 

that the function gij{x) is homogeneous of degree 0. The equation (2.19) follows 

from the theorem 2.2. D 

Definition 2.7. The manifold M is called Finsler space, if its tangent space is 
Minkovsky space and norm F(x,v) depends continuously on point of tangency 

X e M. a 



see also [6] 
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Remark 2.8. Due to the fact that the norm in the tangent space depends contin- 
uously on point of tangency, there is the abihty to determine the differential of 
length of the curve on the manifold 

dl — F{x, dx) 

We usually define Finsler space, and after this we consider tangent to it Minkowski 
space. In fact, the order of definitions is insignificant. In this paper, Minkowski 
space is my main object of research. D 

3. Orthogonality 

As Rund noted in [6] , there are various definitions of trigonometric functions in 
Minkowski space. We are primarily interested in the concept of orthogonality. 

Definition 3.1. Vector vi is ortiiogonal to vector V2, if 

D 
Definition 3.2. The set of vectors ei, ..., Cp is called orthogonal if 

gtj{ek)elej=0 k<l 
The basis e is called orthogonal, if its vectors form orthogonal set. D 



(3.1) 



Definition 3.3. The basis e is called ortiionormal, if this is orthogonal basis and 
its vectors have unit length. D 

As we can see from the definition 3.2. relation of orthogonality is noncommu- 
tative. Therefore, order of vectors is important when determining an orthogonal 
basis. There exist different procedures of orthogonalization in Minkowski space. 
See, for instance, [7], p. 39. Below we consider the orthogonalization procedure 
proposed in [1], p. 213- 214. 

Any orthogonalization procedure requires positive definite metric. However, if 
metric is not positive definite, then we can represent Minkowski space as sum of 
orthogonal spaces A and B such that metric is positive definite in the space A, and 
metric is negative definite in the space B. So we also consider orthogonalization 
procedure in Minkowski space with positive definite metric. 

Theorem 3.4. Let ei, ..., ep he orthogonal set oj vectors. Then vectors ei, ..., 
Cp are linear independent. 

Proof. Consider equation 

(3.2) aiEi + ... + OpCp ~ 
From the equation (3.2), it follows that 

(3.3) aig^j{ei)e\e{ + ... + apgij{ei)e\e^p = 

From the condition (3.1) and the equation (3.3) it follows that ai = 0. 

Since we have proved that a^ = ... = a™~^ = 0, then the equation (3.2) gets 
form 

(3.4) amem + ••• + OpCp = 
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From the equation (3.4), it follows that 

From the condition (3.1) and the equation (3.5) it follows that a„i =0. D 

Theorem 3.5. There exists orthonormal basis in Minkowski space. 

Proof. Let n be dimension of Minkowski space. Let e' be a basis in Minkowski 
space. 

We set 

ei = e[ 

Suppose we have defined the set of vectors ei, ..., em- In addition we assume 
that for every i, 1 <i < m, the vector e^ is linear combination of vectors e'j^, ..., 
e^j. This assumption also holds for the vector Cm+i, if we represent this vector as 

Cm+l = aiEl + •■• + Clmem + ^m+l 

fim+i 7^ because e' is basis and vector ej„_|_]^ is not included in the expansion of 
vectors ei, ..., e^. For the choice of the vector e^ we require that the vectors ei, 
..., em., are orthogonal to the vector e„i+i 

ff,j(ei)ele^„_^i=0 
(3.6) 



9ij\^m) 



J 



^m^m+l 



The system of linear equations (3.6) has form 
aigij{ei)e\e{ 
aig,j{e2)e\e{ + a25y(e2)e^e^ = -5y(e2)e|e'^,+i 



aig^j{ei)e\e{ = -gtj{ei)e\e'l,^^-^ 



^l9ij[^m)ern^l + CL2gij(em)G„i^2 ~^ ■■■ ~^ ^mgij[Sm)Sjy^ej^— gij(em)Gm^ m+1 

Therefore, the solution of the system of linear equations (3.6) has form 

10 
m+l 



ai 



0-2 



gij{ei)e\e'' 



gij{ei)e\e{ 
g,;j(e2)e|e'^^i + aigijie2)elei 
g„(e2)e^e^ 



_ 9ij\^m)em^ m+l l^k=l ^kgij(em)em,Si^ 
O-m — /_ N ■ 7 

gij{Gm)ern^m 

By continuing this process, we obtain an orthogonal basis e. We can normalize 
vectors of the basis e according to rule 

Ek =gtj{ek)elel 
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D 

Theorem 3.6. Let e be orthonormal basis of Minkowski space. If we write the 
coordinates of the metric tensor gij(ek) relative to basis e as matrix 

5ii(ei) ... ffin(ei) 
(3.7) 

\gnlien) ... 9nn{en)J 

then the matrix (3.7) is a triangular matrix whose diagonal elements are 1. 
Proof. Evidently, wc can assume e' = (5*. According to the definition 3.2, 3.3 

g^j{ek)Sldj=0 k<l 
From equations (3.8), it follows that 

gkk{ek)= 1 
gki{ek)=0 k<l 
Therefore, gkii^k) is arbitrary, when k > I. D 

4. Motion of Minkowski space 

The structure of Minkowski space is close to the structure Euclidean space. 
Automorphism of Minkowski space as well as automorphism of Euclidean space is 
called motion. 

Since the orthogonality relation is not symmetric, then the structure of metric 
tensor in an orthonormal basis changes; this creates a dramatic expansion of the 
set of orthonormal bases. In particular, since scalar product 

gijiek)elej k>l 

is not defined, then we cannot require that automorphism of Minkowski space 
preserves scalar product. 

According to the theorem [3J-3.2.6, the motion maps orthonormal basis e into 
orthonormal basis e' 

,^ ^. 9^3 (efe)efe4 = 1 5y {e'f,)e'le'i = 1 

mA^^k)elel = g,j{e'^)e'le'\^Q k<l 

Since the motion does not change the basis, then mappings gij also do not change. 
However, the argument of the mapping gij changes. Therefore, we can consider 
only an infinitesimal motion. 

Theorem 4.1. Let infinitesimal motion 

a'' ^ a^ {5) + A)dt) 

map orthonormal basis e to orthonormal basis e' 

(4.2) 4 = ei{6) + Mdi) 
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Then (k < I) 
(4.3) 



gkp{ek)A'^ + gpi{ek)Al 



dgki (a) 



daP 



Al-0 



Proof. Coordinates of metric tensor change according to rule 
(4.4) g^^(y')=g^^(y) + ^90lAfv^dt 

For k < I, from equations (4.2), (4.4), it follows that {v = e^) 



5u(efc) 



'-"-'Wi 



(4.5) 



(5u(efc) + 



dgij{a) 



daP 
dgrj{a) 



daP 



elA^me^k+e"^ Kernel +e\A^dt) 



-~ gij{ek)e{el + gij{ek)e^k^iA\dt + gij{ek)e\^A'^dte\ 
dgij{a) 



daP 



eiA^dteie 



k^l 



From equations (4.1), (4.5), it follows that (fc < I) 
(4.6) = .gy (efe)eI.e^pAf dt + g,, {ek)el^ATdtei + 



dgtj{a) 



daP 



ekA^dtCkCi 



Since 



^fe' 



then the equation (4.3) follows from equation (4.6). 



D 



Theorem 4.2. The product of infinitesimal motions of Mincovsky space is infini- 
tesimal motion of Mincovsky space. 

Proof. Let 

fiaf^a'^iSl + Aldt) 
g{ay=a\6l + Bldt) 
be infinitesimal motions of Mincovsky space. Transformation fg has form 

f{g{a)r^f{a\5]+Bldt)) 

= a\Sl + Bldt){Si+A[dt) 

= a\Sl + Aldt + Bldt) 

^a\6l + {Al + Bl)dt) 

From the theorem 4.1, it follows that coordinates of mappings / and g satisfy 
equation 

gkp{ek)Af+gpi(ek)Al+^^'''^^^ 
(4.7) 



gkp{ek)Bf + gpi[ek)Bl 



daP 
dgu (a) 



daP 



^l-o 



k<l 



Bl-0 
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From the equation (4.7), it follows that {k < I) 



g,,ie,)iA^ + Bf)+g,i{ek){Al+Bl) + 



dgki{a) 



daP 



iK + Bl) 



^9kp[ek)A\ + gpi{ek)Al 



dgki{a) 



daP 

, /_ N DP , /_ N DP , dgki (a) 
+gkp{ek)Bj' + gpi{ek)B^ + 



daP 



K 



Bl 







Therefore, the mapping fg is infinitesimal motion of Mincovsky space. 

5. QUASIMOTION OF MINKOVSKY SPACE 

Linear transformation of the basis 



e[ = Mre, 



is called quasimotion of Minkovsky space. 

Coordinates of vector 



D 



-Ij' i 



transform according to the rule 

(5.1) a'^' ^ A 
From equations (2.18), (5.1) it follows that 

(5.2) g.j{a)o}a^ - g'kA^)^'' o!' = g'^,{a)A~^-\a^ A-^-\a^ 
From the equation (5.2), it follows that 

(5.3) g'^A^) = g,,{a)A^^ 

Therefore, gij{a) is tensor. 

Consider infinitesimal transformation 

a' = a + da 

Then there is infinitesimal transformation of metric tensor 

(5.4) 

Consider infinitesimal quasimotion 

e', = e,{6i+Aidt) 

According to (5.3), (5.4), it follows that there is infinitesimal transformation of 
metric tensor'"' 

g'kiie'p) = 9viKmSi + SlAjdt + AlSidt) 
dg,j{a) 



gij[a j = gij[a) H —j—da 



(5.5) 



(.9y(ep) + 
(5ij(ep) + 



%y(a) 



9a" 



9ki{ep) + g^,{ep){5lAldt + AlS^dt) 



eTAldtWk5l+5lA\dt + Al5ldt) 

A^dtMSj+SlA^dt + AlSidt) 
dgki{a) 



9a" 



ATdt 



We use equation e^ = 5\ 



t 1 
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For fc < /, 

(5-6) miek) ^ g'kiie'k) 

From equations (5.5), (5.6), it follows that (fc < I) 

dgu (a) 



gk3{ek)A\ + gii{ek)J^k 



A'^^Q 



Therefore, the set of infinitesimal quasimotions of Minkovsky space generates the 
same algebra as the set of infinitesimal motions of Minkovsky space. 
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OpToroHajiBHbiH 6a3HC h ^BuyKenme b 4>MHCJTepoBOH reoMexpHH 

AjieKcaHflp KjieiiH 

d 

^^ ' Ahhotali,M5I. OHHCJiepoBO npocTpancTBO - sto flH<J)4)epeHii,HpyeMoe mhofo- 

{^Jh^ o6pa3He, /i;jifl Koxoporo npocTpancTBO MnHKOBCKoro HBjiaeTCH cjioeM Kaca- 

^ , TejIBHOrO paCCJIOeHHH. ^JIH TOFO, MToSbI nOHHTb CTpoeHHe CHCTeMBI OTCHCTa B 

^^ ■ OHHCjiepoBOM npocxpaHCTBe, mbi /ipjiyKUbi noHsiTb CTpyKxypy opTOHopiviajib- 

^^ ' Horo 6a3Hca b npocTpancTBe MnHKOBCKoro. 

fNl ^ B CTaTte paccMOTpeHO onpe^ejieHne opTOHOpMajibHoro 6a3Hca b npocTpan- 

CTBe MHHKOBCKoro, CTpyKTypa MeTpHH:ecKoro TCHSOpa OTHOCHxejibHO opTO- 
HOpMajibHoro 6a3Hca, npOLi,e^ypa opToroHajin3ari,HH. JlHHefiHoe npeo6pa30Ba- 
HHe npocTpancTBa MnHKOBCKoro, coxpaHsiomee CKajiapHoe npOHSBe^CHHe, Ha- 
3biBaeTC5i ^BH^ceHHCM. JlHHeiiHoe npeo6pa30BaHHe OTo6payKaioiri,ee opTOHOp- 

^T^ , MaJlbHblH 6a3HC B 6eCKOHeMHO 6jIH3KHH OpTOHOpMaJlbHblH 6a3HC, HBJiaeTCH HH- 

\^^ ' 4)HHHTe3HMajibHbiM ^BioKeHHeM. HHC^HHHTesHMajibHoe ^BH^teHHC OTo6pa?Ka- 

eT OpTOHOpMajIbHblH 6a3HC B OpTOHOpMaJIbHblii 6a3HC. 

MHo:a^ecTBO HHc|>HHHTe3HMajibHbix ;i;BH:»ceHHfi nopo^K^aeT ajire6py JIh, o^- 
C^ , HOTpaH3HTHBHO ^e3cTByioiij,yio Ha MHoroo6pa3HH 5a3HCOB npocTpancTBa Mhh- 

KOBCKoro. 3jieMeHT napHoro npe^CTaBJieHHH nasbiBaeTCsi KBa3H/],BH»ceHneM npo- 
CTpaHCTBa MHHKOBCKoro. KBa3H^BH::*ceHHe npocTpancTBa co5biTHH, nasbiBaeT- 
CH npeo6pa30BaHHeM JIopeHu,a. 

(N 
> 

Q , COflEP>KAHHE 

■ , 1. HpeflHCjiOBHe 1 

["**■ ' 2. OHHCJiepoBO npocTpancTBO 2 

^— ^ ■ 3. OpTOrOHRJIbHOCTb 5 

4. ^BHJKeHHe npocTpancTBa Mhrkobckofo 8 

5. KBasHflBHJKeHHe npocTpancTBa MnHKOBCKoro 9 

6. CnHCOK jiHTcpaTypbi 11 

7. ITpe^MeTHbiH yKaaaTejib 12 



^ 






1. nPEflHCJTOBHE 

FeoMeTpna HBjiaeTCH BajKHBiM HHCTpyMeHTOM b coBpeMeHHofi 4)H3HKe. B nacT- 

HOCTH, HCCJieflOBaHHe B 4)H3HKe CBHSaHO C nOHCKOM HOBblX reOMCTpHHeCKHX KOH- 

CTpyKn,HH. B CTaTbe [2], h noKaaaji, hto npH HSMcpeHHii npocTpaHCTBCHHO BpeivieH- 
HBix napaMCTpoB (cKopocTt, aa^epjKKa BpeMeHn) naGjiiOflaTejib nojitayeTca opTO- 

HOpMajIbHblM 6a3HCOM, BeKTOpbl KOTOpOrO aBJIHIOTCH KajIH6paMH flJIH HSMepeHHH 
HHTepBajIOB BpeMCHH H paCCTOHHHH B npOCTpaHCTBC. MnOiKeCTBO TaKHX GaSHCOB 
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2 AjieKcaHflp Kjichh 

4)opMHpyeT MHoroo6pa3ne 6a3HCOB. MnosKecTBO npeo6pa30BaHHH MHoroo6pa3Ha: 
6a3HCOB (npeo6pa30BaHHH Jlopeni^a) nopojKflaeT rpynny, flefiCTByiomyio o^HOTpa- 

3HTHBHO Ha MHOrOo6pa3HH 6a3HCOB. 

06iii,aH TeopHs OTHOCHTejibHOCTH He OHHCbiBaeT Bce sBjiCHHs. Sa^ana leopHH 
CTpyH H neTjieBoii rpaBHTaii;iiH - hohhtb xax B3aHMOfleftcTByiOT KBanTOBaa Mexa- 

HHKa II 06maa TeOpHH OTHOCIITejIbHOCTH. B paMKaX STHX TCOpHli nOHBIIJIIICB HOBbie 

reoMeTpHii. Xoth stii reoMCTpHii OTjiii^aiOTCs ot hphbijIhhoh naM reoMeTpnii, mho- 
scecTBO aBTOMop4)H3MOB 9TIIX reoMeTpiiH nopojKflacT neKOTopyio yHiiBepcajiBHyio 
ajire6py A. Hama 3a;i,aHa naiiTH 6a3HC SToro npeflCTaBjieniiH (onpeflejienHe [3]- 
3.2.1). 

OcHOBa npiiHii,Hna iiHBapHaHTHOCTii coctoiit b tom, hto napnoe npeflCTaBjieniie 
yHHBepcajiBHOii ajire6pi>i A nopojKflacT MHOJKecTBO reoMeTpii^^iecKiix oGteKTOB pac- 
CMaTpHBaeMOH reoMeTpim.^ reoMeTpiiT^ecKiifi 061.6x1 cooTBCTCTByeT HSMepaeMoii 

4)II3HHeCKOli BejIHHHHC. npiIHIi;Hn HHBapnaHTHOCTH HBJIHeTCH 0;i,HIIM H3 4)yHflaMeH- 

TajibHbix npHHi];HnoB 4)ii3hkh, h mbi nojiij3yeMCii sthm npHHii,iinoM, no KpafiHefi 
Mepe Ha^HHaa co BpcMCH FajinjieH h HbiOTOHa. npiiHD;iin iiHBapiiaHTHOCTii rapan- 
THpyeT, HTO H3MepeHHe 4)ii3HT^ecKOH BejiHHHHM OTHOCHTejibHO flaHHoro 6a3iica no3- 
BOjiiieT npeflCKasaTb iiSMepeHHC stoh BejiiiHiiHbi OTHOCHTejibHO ;i,pyroro 6a3iica. 
npiiHii,Hn iiHBapHaHTHOCTH papaHTiipyeT TaKJKe, hto SKcnepHMenT, npoBefleHHbiii 
3fleci> H ceiiHac, mojkho hobtophtb b flpyroM Mecie h b flpyroe BpeMH. 

ITosTOMy MeHH HacTopojKiijio yTBepjKfleniie b CTaibe [5] , hto bo3mo>kho napyme- 
HHe HHBapiiaHTHOCTii JIopeHii,a. HiiKaKiix pasisacHeHHii SToro yTBepjKfleniiH h ne 
Hameji. 51 flonycKaio, hto (JjopMa npeo6pa30BaHHii JIopeHii,a MOJKeT 6biTb ^pyroii. 
51 TaKJKe flonycKaio, hto saKOn npeo6pa30BaHiiH 6a3Hca iiSMeniiTCJi nacTOjibKO, hto 
Mbi 6y;i,eM Ha3biBaTb ero ne npeo6pa30BaHiieM JIopeHii,a, a KaK-TO iiHane. 

CTpyKTypa (JjHHCjiepoBofi reoMeTpiiii 6jiii3Ka CTpyKType piiMaHOBOfi reoMCTpiiH. 
no3TOMy H npe^npiiHSji nonbiTKy iiccjieflOBaTb CTpyKTypy opTOHOpMajibHoro 6a3H- 
ca II npeo6pa30BaHH5i JIopeHD;a b (JjiincjiepoBoii reoMeTpiiii. TaK KaK na stom STane 

MeHH IIHTCpeCOBajIH TOJIbKO JIOKajIbHbie HOCTpOeHIIH, to H OrpaHHHHJICH II3yHeHIieM 

opTOHopMajibHoro 6a3Hca b npocTpancTBe MniiKOBCKoro. 

0;i,HaKO MeTpiiHecKHH lensop saBHCHT ot HanpaBjieniiH. 3to naKjia^biBaeT onpe- 
;i,ejieHHbie orpaiiHi^eHHa na nocTpoeHHH h H03B0jiHeT npoanajiiiSHpoBaTb TOjibKO 
6ecKOHeHHO Majibie npeo6pa30BaHHa JIopeHii,a. BecKoneHHO Majibie npeo6pa30Ba- 
HHH JIopeHD;a nopojKflaiOT ajire6py JIii, 11 sto flacT naflesKfly paccMOTpcTb coot- 
BCTCTByiomyio rpynny JIh. B tojkb BpeMH, flajKe ecjin mm o6HapyjKiiM neKOTopbie 
OTRjionenna ot npHBbiHHOii CTpyKTypbi npeo6pa30BaHHii JIopeHii,a (nanpHMep, jih- 
neiiHoe npeo6pa30BaHiie OTo6pajKaeT opTonopMajibHbin 6a3HC b opTOHopMajibHbifi, 
no ne coxpanaeT CKajiapnoe nponsBeflenne) , to 3Ta CTaTbH /i,aeT B03MO}KnocTb oii,e- 
niiTb xapaKTep OTKjionennH. 

2. OHHCJIEPOBO nPOCTPAHCTBO 

Onpeflejienna b stom pa3flejie flanbi no anajiornn c onpe^ejiennHMH b [4]. 



51 paccMOTpeji Heo5xo;i,HMbie onpe^ejieHHH h nocTpoeHHH b pas^ejiax [3]-3.3, [3]-3.4. 
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Onpe/i;ejieHHe 2.1. BeKTopnoe npocTpancTBO V nasbiBaeTCH npocTpancTBOM 

MHHKOBCKoro,^ ecjiii B BCKTopHOM npocTpEHCTBe V onpeflejiCHa HopMa F TaKaa, 

HTO 

(1) HopMa F He oSasaTejibHO nojiOMCHTejiBHO onpeflejiena'^ 

(2) OyHKn,HH F{x) o^Hopoflna CTeneHH 1 

(2.1) F{ax) = aF{x) a > 

(3) IlycTb e - 6a3iic BeKTopnoro npocTpancTBa A. Koop^HHaTbi MeTpHHecKO- 
ro TeH3opa 

nopojKflaroT HCBbipoiKfleHHyio Maipimy. 

D 

TeopeMa 2.2 (TeopeMa Sfijiepa). 0yHKv,uji f(x), odHopodnaH cmenenu k, 
(2.3) !{ax) = a^f{x) 

ydoeAemeopjiem du(p(fJepeHV,uaA'bHOMy ypaeneHwo 

(2-4) ^x^ = kf{x) 

/JoKaaameAbcmeo. npo;i,H4)4)epeHLi,HpyeM paBCHCTBO (2.4) no a 

(2.5) ^ = '-fm 

da da 

CorjiacHO npasHjiy flHc|)4)epeHii,HpoBaHHH no nacTHM, mbi hmccm 

dfjax) _ dfjax) dax"- _ dfjax) ^ 
da dax^ da dax^ 

Ha pasencTB (2.5), (2.6) cjieflyeT 

(2.7) ^^x^ = ka'^-^fix) 
^ ' dax^ ^ ' 

PaBCHCTBO (2.4) cjicflycT h3 paBCHCTBa (2.7) ccjin nojiojKHTb a—\. D 

TeopeMa 2.3. Ecau f(x) - dJyHKuuji, odHopodnaji cmenenu k, k > 0, mo Hacmnue 

„,„„„.„„ 2M ■ _„ ,^„,_, „^„^„^_ „„„ ,_, 

ox^ 
floKaaameA'bcm.eo. PaccMOTpnM OTo6pa>KeHHC 

(2.8) F{x) = ^x^ 

Ha paBCHCTB (2.4), (2.8) cjie^ycT 

(2.9) Fix) = kfix) 



a paccMOTpeji onpeflejieHHe npocTpancTBa MnnKOBCKoro corjiacHO onpe^^ejieHHio b [6], c. 28 
- 32. XoTH 3TOT TepMHH BBi3biBaeT HeKOTopBie accoii,Haij,HH CO cnen;HajibHOH Teopneii OTHOCHTejit- 

HOCTH, o5bIHHO H3 KOHTeKCTa ilCHO o KaKOft reOMBTpHH HfleT peHB. 

3to Tpe6oBaHHe CBHaano c tcm, hto mbi paccMaTpHBaeivi npHjiojKeHHH b o6meH TeopHii ot- 

HOCHTejIBHOCTH . 



4 AjieKcaHflp Kjichh 

CjieflOBaTejibHO, F{x) - 4)yHKLi,Ha:, oflHopoflnaa CTeneHH k. Ha paeeHCTBa (2.3) cjie- 
AyeT 

(2.10) F{ax) = a''F{x) 
Ha paBeHCTB (2.8), (2.10) cjie^yeT 

(2.11) m^ax^ = a'^^x^ 

EcjiH k > 0, TO H3 paBeHCTBa (2.11) cjie^yeT 

df{ax) ^^^k-i df{x) 

dx"^ dx"^ 

df(x) 
CjieflOBaTCjiBHO, npoH3BO/;Hi>ie — - — — hbjihiotch o;i,hopo;i,hijImh 4)yHKn,Ha:MH CTe- 

ox^ 
ncHH fc — 1. D 

TeopeMa 2.4. Hopjua npocmpaHcmea Muhkobckozo ydoeAemeopsiem du(fi(fiepeH- 
v,uaAbHUM ypaeneHUHM 

(2^12) ^«'-^P^) 

/^OKasameAbcmeo. PaBencTBO (2.12) cjieflyei h3 yTBepjKfleHHH (2) onpeflejiCHHH 2.1 

dFCx) 
H TeopeMbi 2.2. CorjiacHO TeopcMC 2.2 npoHSBOflnaa — -—. — HBjiaeTCH oflHopoflHOii 

4)yHKn,HeH CTenenH 0, OTKy^a cjie;i,yeT paBencTBO (2.13). 

HocjieflOBaTejiBHO flH(|)4)epeHi],Hpyji 4)yHKLi;Hio F^ , mm nojiyniiM 

^lM^2F{x)^^^ 
dx^ dx^ 

(9^^^ IdF^^dFi^dF^ d^F{x) 



2 dx^dx"^ dxi dx^ dx^dx^ 

Ha paBCHCTB (2.12), (2.13), (2.15) cjieflyeT 

Ha paBeiiCTBa (2.16) cjie^yeT 

/o1^^ ldF^{x) , , dF{x) ,. ,_, 

(2.17) 77 ^ ■ ^ a:^ a:-^ = ^ . x^ Fix) 
^ ' 2 dx3dx^ dx^ ^ ' 

PaBCHCTBO (2.14) cjieflycT na paBCHCTB (2.12), (2.17). D 

TeopeMa 2.5. 

(2.18) \9.Av)y'^' ^ F\v) 

/JoKasameMbcmeo. PaBCHCTBO (2.18) HBjiHeTCH cjieflCTBHCM paBCHCTB (2.2), (2.14). 

D 



4, 



CM. TaK>Ke 



[6], c. 24. 
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TeopeMa 2.6. MempuuecKuu menaop gij (a) sienfiemcsi oduopodHou cfiyHK'nueu cme- 
nenu u ydoeAemeopjiem ypaeneHuto 

(2.19) %^a^ = 

^ ' da'' 

/(oKaaameAbcmeo. Hs yTBepjKfleHHa (2) onpeflejiCHHH 2.1 cjieflyeT, hto OTo6pa}Ke- 

HHe F'^{v) o;i,HopoflHO CTenetiii 2. Hs TeopeMbi 2.3 cjieflyei, hto 4)yHKD,HH 

9.F'(^) 

o;i,HopoflHa CTencHH 1. Hs TeopeMbi 2.3 h onpe/i,ejieHHa (2.2) cjieflyeT, hto 4)yHKii;iiH 
gij(x) oflHopoflHa CTenenii 0. PaseHCTBO (2.19) cjie^yeT h3 TeopeMbi 2.2. D 

Onpe/i;ejieHHe 2.7. MHoroo6pa3He AI HasbmaeTCH (JjHHCJiepoBbiM npocTpan- 
CTBOM, ecjiH ero KacaTejibHoe npocTpancTBO hbjisiotcs npocTpancTBOM Mhhkob- 
CKoro H HopMa F{x^v) nenpepbiBHO saBiiciiT ot to^ikh KacaHHH x Cz M. D 

SaMBuaHue 2.8. Cjie/i,CTBiieM Toro, ^ito HopMa b KacaTejibHOM npocTpancTBe nenpe- 
pbiBHO saBHCHT OT TOHKH KacaHiis, aBjiHCTca B03M0JKH0CTb onpeflejieHHs flH4)4)e- 
peHii,Hajia /ijihhm KpiiBoit na MHoroo6pa3Hn 

dl = F{x, dx) 

OSbiHHO cnepBa onpeflejiaiOT (JjimcjiepoBO npocTpancTBO, a hotom paccMaTpiiBaiOT 
KacaTejibHoe k neMy npocTpancTBO Mhhkobckoto. Ha caMOM ^ejie nopiiflOK onpe- 
;i,ejieHHii HecymecTBeneH. B STOii CTaTbe, moiim ochobkbim o6T>eKTOM HCCjie/i,OBaHHH 
HBjiHeTCH npocTpancTBO Muhkobckopo. D 

3. OPTOrOHAJlbHOCTb 

KaK OTMeTiiji PyHfl b [6], c. 47, cymecTByiOT pasjiHi^iHbie onpeflejieHiiH Tpiiro- 
HOMeTpHHecKHx 4)yHKii,iiH B npocTpaHCTBe MuHKOBCKoro. Hac HHTepecyeT npesKfle 
Bcero noHSTiie opToroHajibHOCTH. 

Onpe/];ejieHHe 3.1. BcKTop vi opToroHajien BeKTopy V2, ecjiii 

g,j{yi)v\vl^ =0 

D 

Onpe/i,ejieHHe 3.2. MnoiKecTBO BCKTopoB ei, ...,ep HasbiBaeTCH opToronajibUbiM, 
ecjiH 

(•J-IJ _ 

gij{ek)e\e\= k<l 

Baaiic e nasbiBaeTCH opToroHajitHBiM, ecjiH ero BeKTopbi cJDopMiipyiOT oproHO- 

HajIbHOe MHOJKeCTBO. D 

Onpe/i;ejieHHe 3.3. BasHC e nasbiBaeTCH opTOHopMHpoBaHbiM. ecjiii sto opio- 
roHajibHbiH 6a3iic h ero BeKTopbi HMeiOT eflHHHHHyio ^jmny. D 

KaK Mbi BH^iiM 113 onpeflejieHHH 3.2, OTHomcHHe opToronajibHOCTH HeKOMMyia- 
THBHO. CjieflOBaTejibHO, nopHflOK bcktopob BajKen npn onpeflejieniiH opToronajib- 
Horo 6a3Hca. CymecTByiOT pa3jiHHHbie npoii,e;];ypbi opToroHajiH3aii,HH b npocTpan- 
CTBe MHHKOBCKoro. Cmotph, HanpHMep, [7], c. 39. Hii>Ke mbi paccMOTpiiM npoD,e- 
Aypy opToroHajiH3aii,HH, npe^jiOiKenHyio b [1], c. 213 - 214. 
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JIio6aH upoTiefiypa opToroHajiH3aii,HH npeflnojiaracT nojio>KHTejibHO onpeflejien- 
Hyio MeTpiiKy. O^HaKO, ecjiH MeTpHKa ne HBjiJieTCH nojiojKHTejibHO onpeflejieHHOii, 
TO npocTpancTBO MiiHKOBCKoro mojkho npe;];cTaBHTB b BH^e cyMMbi opToronajiB- 
Hbix npocTpancTB A i\ B TaKHx, hto b npocTpancTBe A MeipiiKa nojiojKiiTejiBHO 
onpeflejiena, a b npocTpancTBe B MeipHKa OTpHn,aTejii>HO onpeflejiena. HosTOMy 
MM TaKJKe 6y;i,eM paccMaTpHBaTb npoi^e^ypy opToroHajiH3aii;HH b npocTpancTBe 
MHHKOBCKoro c nojiojKHTejiBHO onpeflejieHHOii MeTpiiKoii. 

TeopeMa 3.4. Uycmb ei, ..., Cp - opmogonaAbHoe MHocHcecmeo eeKmopoe. Tozda 
eenmopu ei, ..., Cp auhcuho neaaeucuMU. 

/^OKaaameAbcmeo. PaccMOTpHM paBetiCTBO 

(3.2) aiGi + ... + flpEp = 
Hs paBCHCTBa (3.2) cjie^yeT 

(3.3) aigij{ei)e\e{ + ... + Opgy (ei)ele^ = 

Ha ycjiOBHH (3.1) h paBencTBa (3.3) cjie^yeT ai = 0. 

EcjiH Mbi /i,0Ka3ajiH, hto a^ = ... = a™^^ = 0, to paBencTBO (3.2) npHMeT bh^i, 

(3.4) amCm + ... + apBp = 
Ha paBeHCTBa (3.4) cjie^yeT 

(3.5) amgij\era)Em^m + ••• + 0,p9ijV-m)e.^ep = 

Ha ycjiOBHH (3.1) h paBCHCTBa (3.5) cjie/i,yeT a„i = 0. D 

TeopeMa 3.5. OpmoHopMupoeaHuu 6a3uc e npocmpaHcmee Muhkogckozo cyiu,e- 
cmeyem. 

/(oKaaameAbcmeo. IlycTb n - pasMepnocTb npocTpancTBa Muhkobckofo. IlycTb e' 
- 6aaHC B npocTpancTBe MnHKOBCKoro. 

Mbl nOJIOJKHM 

ei = e[ 

^OnyCTHM MM nOCTpOHJIH MHOJKeCTBO BCKTOpOB Gl , ..., 6^. ^OnOJIHIITejIBHO 

npeflnojiojKHM, hto fljiH bchkoto i, I < i < m, BeKTOp Ci HBjiaeTCH jiiiHeftHOH 
K0M6iiHaLi,HeH BeKTopoB e[, ..., e^. 3to npeflnojiojKeniie Gy^eT BbinojiHeno h fljia 

BCKTOpa Cm+l, eCJIH MM 3TOT BeKTOp npCflCTaBHM B BHflC 

Cm+i = aiGi + ... + a,„em + e„+i 

Gm+i =/= TaK KaK e' - 6aaHC, h bcktop e'^-^^i ne bxo^ht b paajiosKeniie BeKTopoB 
ei, ..., Cm. P^na BbiSopa eeKTopa ej„ mm noTpe6yeM, hto6m BeKTopbi ei, ..., Cm. 

6bIJIH OpTOrOHajIbHM BCKTOpy Cm+l 

5ij(ei)ele^„+i=0 
(3.6) 
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CHCTCMa jiHHeHHbix ypaBHeHiiii (3.6) HMecT bh;i, 
aigij(ei)e\e{ 



= -5y(ei)ele'^ 



-.9y(e2) 



m+l 

pi pli 
^2^ m+l 



0'l9ij[Gm)Sm^l + 025'ij(,Snij6m62 + ... + a,„5.y (e,„)e„e,„— gij\Gm) 



o \o'i' plJ 



^m^ m+l 



CjieflOBaTCjibHO, peineHHe CHCTCMbi jiHHeiiHbix ypaBHeHHii (3.6) hmcct bh/i; 

g,j(ei)ele'^„_^i 



ai 



02 = - 



5ij(ei)ele| 
g»3 (62)46 m+l + ai9ij{e2)e\e{ 



9ij\^m)ejy^e ^^i /^k=l '^kgij[Sm)S'm^k 



9ij \^ni}^ 






ITpoflOjiJKaa: stot npoLi;ecc, mbi nojiy^HM opToroHajitHbifi 6a3HC e. Mbi MoaceM 
HopMHpoBaTb BCKTopbi 6a3Hca e corjiacHO npaBiijiy 

Ek ^gt]^k)elel 



ek -^ 



^k 



ek 



D 

TeopeMa 3.6. Ilycmb e - opmoHopMaMbHuu 6a3uc npocmpaHcmea Muhkobckozo. 
EcAU Mu aanuiuBM Koopdunamu MempuuecKozo mensopa gij(ek) omHocumeAbHO 
6a3uca e e eude Mampuv,u 



I gii{ei) ... gin{ei)\ 



(3.7) 



y5ni(e„) ... grm(e„)/ 

mo Mampuu,a (3.7) neAsiemcfi mpeyaoAbHou Mampuv,eu, duazonaAbHue dAeMCHmu 
Komopou paenu 1. 

floKaaameAbcmeo. OneBiiflHO, mbi mosccm nojiojKiiTb e* = (5*. CorjiacHO onpefle- 
jieHHHM 3.2, 3.3 



(3.8) 



Ha paBCHCTB (3.8) cjie^yeT 



g^J{ek)5i5i= I 
gtj{ek)6lSj= k<l 

gkk{ek)= 1 
fffci(efc)=0 k<l 
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Cjie;;oBaTejibHO, gkii^k) npoiiSBOjibHO, ecjiii k > I. D 

4. ^BH>KEHHE nPOCTPAHCTBA MKHKOBCKOFO 

CTpyKTypa npocTpancTBa MnHKOBCKoro 6jiH3Ka CTpyKType eBKjiHflOBa npocTpan- 
CTBa. Abtomop43H3m npocTpancTBa MnHKOBCKoro, Tax ace KaK h aBTOMopcJsHSM cb- 
KjiHflOBa npocTpancTBa, nasbiBaeTca: flBHJKeHHeM. 

TaK KaK OTHOineHHe opToronajibHOCTH ne CHMMeTpHHHO, to 3to npHBO/i,HT k h3- 
MeneHHio CTpyKTypti MeTpHnecKoro Tenaopa b opTOHopMajiBHOM 6a3Hce h pesKOMy 
paciniipeHiim MHOJKecTBa opTOHopMajibHbix 6a3HCOB. B HacTHOCTii, TaK KaK CKa- 
jiHpHoe npoHSBCfleHHe 

gij{ek)ele\ k>l 

He onpeflejieno, to mbi ne mojkcm Tpe6oBaTi>, ^ito aBTOMop4)H3M npocTpancTBa 
MnHKOBCKoro coxpaHHCT CKajiHpHoe npoH3BefleHHe. 

CorjiacHO TeopeMe [3]-3.2.6, flBHJKeHHC OTo6pa>KaeT opTOHopMajiBHtiii 6a3HC e b 
opTOHopMajibHbiH 6a3HC e' 

,^ ^. 9^3 (efe)efee^j^ = 1 g.,j {e'^^)e'le'l = 1 

9v{ek)elel = 9^J{e'k)e'le'\ ^ Q k<l 

HocKOjiBKy npH /^bhjkchhh 6a3HC npocTpancTBa ne MCHHeTCH, to OTo6pa>KeHHH gij 
TaKace ne MeHHiOTCH. OflnaKO apryMeHT OToGpajKeHHH Qij MenaeTCH. IIosTOMy mh 

MOJKCM paCCMOTpeTb TOJIBKO HH4)HHHTe3HMajIIjHOe flBHJKeHHe. 

TeopeMa 4.1. Uycmb SecKoneuHO MaAoe deuotcenue 

a" = a^ [6] + A]dt) 
omo6paatcaem opmoHopMupoeaHHUu 6a3uc e e opmoHopMupoeaHHUu 6a3uc e! 

(4.2) ^^eii^+A'^dt) 
Tozda (k < I) 

(4.3) 9kr,iek)Af + g,i{ek)Al ' ^^"^^^ 



daP 



Al=0 



JJoKasameAbcmeo. KoopAHHaTbi MCTpiiHecKoro TeH3opa MenjiroTca: corjiacHO npa- 
BHjiy 

(4.4) g^^.(^')=5^^.(^) + ^|lp)Af«'di 

flflu k <l W3 paBCHCTB (4.2), (4.4), cjieflyei {y = ej,) 



9^A^'ky^-" 



= {9ij{ek) + 
(4.5) =(5ii(efe) + 



k^ I 

dgij{a) 



daP 
dgij{a) 



daP 



elAPdt)iel + eTAl„dt)iei + efAj,dt) 



a=ek 



elA^dt){elei + e^e^A^dt + el^A'^dtei) 



a=ek 



--9ijiek)eiej + gij{ek)elej,APdt + gij{ek)el,Afdtef 
dgijia) 



daP 



elAldtelel 



OpToroHajibHbiii 6a3HC h /];bh>kchhc b (^HHCJicpoBoii rcoMCTpHH 



%j(a) 



Ha paseHCTB (4.1), (4.5), cjie^yeT {k < I) 

(4.6) = .9., (ek)e\ei,A^dt + g,, [euV^Al^dte] + ^^^ 

TaK KEK e\. = 5\, to paBencTBO (4.3) cjieflyei H3 paBencTBa (4.6). 



elAldte^.el 



D 



TeopeMa 4.2. UpouseedeHue UHCpuHumesuMaAbHux deumceHuu npocmpaHcmea 
MuHKoecKOBO HGARemcfi UH(fJUHume,3UMaAbHUM deuotccHueM npocmpaHcmea Muh- 

KOeCKOZO. 

floKaaamcA'bcm.eo. ITycTb 

f{ar^a\5l + ^^,dt) 

g{ay^a\6l^Bldt) 
HH(J)HHHTe3HMajiBHBie flBHSKCHiiH npocTpaHCTBa MHHKOBCKoro. npeo6pa30BaHHe fg 

HMeeT BHfl 

f{g{a)y^f{a\5l+Bldt)) 

= a\Sl + Bldt){Si+A[dt) 
= a\5l + A',dt + Bldt) 
= a\Sl + {Al + Bi,)dt) 
Ha TeopeMbi 4.1, cjieflyei, hto KOopfliinaTbi OToGpa^KeHHit f vi g y/i,OBjieTBopHiOT 

paBCHCTBaM 

(4.7) 



gkp{ek)Bf + gpi[ek)Bl 
Ha paBeiiCTBa (4.7) cjie^yeT (fc < /) 



daP 
dguia) 



daP 



Al = ^ 



k<l 



Bl-0 



gkr>{ek)iAf + Bf)+g,,{ek){Al+Bl) 



dguia) 



daP 



{Al + BD 



=gkp{ek)Af + gpi{ek)Al 



dgki{a) 



daP 



+gfcp(efc)Bf + gpi{ek)Bl + ^^^ 



Al 



Bl 



= 

CjieflOBaTCjiBHO, OToGpasKeuHe /g HBjiaeTCH HHcJjiiHiiTeaHMajibHbiM flBiuKemieM npo- 
CTpancTBa MHHKOBCKoro. D 

5. KBA3HflBH>KEHHE nPOCTPAHCTBA MHHKOBCKOrO 

JlHHeftHoe npeo6paaoBaHHe MHoroo6pa3HH GaancoB 

^i = A^Ej 

HaabiBaeTca KBasHflBHXceHHe npocTpancTBa MHHKOBCKoro. 

Koop;i,iiHaTbi BeKTopa 

a = a^Ci 
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AjieKcaHflp Kjichh 



npeo6pa3yK)TCH corjiacHO npaenjiy 

(5.1) a'^ ^ A-^-y 
Ha paseHCTB (2.18), (5.1) cjieflyeT 

(5.2) g^A^)a^a= = g'u{a)a'^a'' = 5fc/(«)^-'t«*^-'1a^ 
Ha paseHCTBa (5.2) cjie^yeT 

(5.3) .gL(a)=5.,(«)^l^?' 

CjieflOBaTejibHO, gij{a) HBjiaeTCH TenaopoM. 

PaccMOTpHM 6ecKOHeHHO Majioe npeo6pa30BaHHe 

a' = a + da 

Torfla MeTpunecKHH Tensop HcnbiTbiBaeT SecKoneHHO Majioe npeoSpasoBanne 



(5.4) 



g.,(a')=5,,(a) + ^|^da^- 



PaCCMOTpHM 6eCKOHeHHO MajIOe KBaSIIflBHJKCHHe 

CorjiacHO (5.3), (5.4), cjieflycT, hto MeTpHHecKHft Tensop HcntiTbiBaeT GecKone^HO 
Majioe npeo6pa30BaHHe''' 

g'kii-^'p) = 9viKmSl + SlAjdt + AlSidt) 
%y(a) 



(5.5) 



ripH k < I, 

(5.6) 



(5y(ep) + 
{9ij{ep) + 



dg^j{a) 



9a" 



9ki{ep) + g^j{ep){5lA\dt + AlSjdt) 



e^A;dtmSi+SlAidt + Aldidt) 

A^dt){6lSi + SlAidt + AlSidt) 
dgki{a) 



da" 



AZ'dt 



Okiiek) =.9fe/(efe) 
Ha paBCHCTB (5.5), (5.6), cjie/i,yeT, hto (fc < I) 

dgu (a) 



gkj{ek)A\+gu{ek)Al^ 



9a" 



A"; = Q 



CjieflOBaTCjiBHO, MHOJKecTBO 6ecKOHeHH0 Majibix KBasHflBHJKeHHH npocTpancTBa Mhh- 
KOBCKoro nopoiKflaeT Ty^KC ajire6py, hto h MHOJKecTBO 6ecKOHe^HO Majibix flBHJKe- 
HHH npocTpancTBa MnHKOBCKoro. 



5m: 



M HcnojiBsyeM paBencTBO e 



m xm 



OpToroHajibHbiii 6a3HC h abiukchhc B 45HHCJICpOBOH rCOMCTpHH 11 
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7. riPE/^METHblH YKASATEJIb 
^BuyKenne npocTpancTBa MnHKOBCKoro 8 
KBa3HflBH:»ceHHe npocTpaHCTBa 

MuHKOBCKOrO 9 

MeTpH-^eCKHH TeH30p B npOCTpaHCTBC 
MHHKOBCKOrO 3 

opToroHajibHOCTb B npocTpancTBe 

MuHKOBCKOrO 5 

opToroHajitHBiH 6a3nc b npocTpancTBe 

MuHKOBCKOrO 5 
OpTOHOpMHpOBaHblii 6a3HC B npOCTpaHCTBe 
MuHKOBCKOrO 5 

npocTpancTBO MiiHKOBCKoro 3 

(JiHHCJiepOBO npOCTpaHCTBO 5 
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